REDUCED WEYL ASYMPTOTICS FOR PSEUDODIFFERENTIAL 
OPERATORS ON BOUNDED DOMAINS I 
THE FINITE GROUP CASE 



PABLO RAMACHER 



Abstract. Let G C 0(n) be a group of isometries acting on n-dimensional Euclidean space R", 
and X a bounded domain in R" which is transformed into itself under the action of G. Consider 
a symmetric, classical pseudodifferential operator Aq in L^(R") with G- invariant Weyl symbol, 
and assume that it is semi-bounded from below. We show that the spectrum of the Friedrichs 
extension A of the operator res o Aq o ext : CJ?°(X) — » L^(X) is discrete, and derive asymptotics 
for the number 7V^(A) of eigenvalues of A less or equal A and with eigenfunctions in the x- isotypic 
component of L^(X), giving also an estimate for the remainder term in both cases where G is a 
finite, or, more generally, a compact group. In particular, wc show that the multiplicity of each 
unitary irreducible representation in L^(X) is asymptotically proportional to its dimension. 



1. Statement of the problem 

Let G C 0(n) be a compact group of isometries acting on Euclidean space M", and X a 
bounded domain in M" which is transformed into itself under the action of G. Consider the regular 
representation of G 

T(5)'^(a;) ^{g^^x) 

in the Hilbert spaces L^(]R"), and L'^(X), respectively, and endow them with some G- invariant 
scalar product (•,•): so that the representation T becomes unitary. As a consequence of the Peter- 
Weyl Theorem, the representation T decomposes into isotypic components according to 

L2(m«) = l2(X) = resH;,, 

X6G xeG 

where G denotes the set of irreducible characters of G, and res : L^(R") L^(X) is the natural 
restriction operator. Similarly, ext : CJ?°(X) L^(R") will denote the natural extension operator. 
Let be a symmetric, classical pseudodifferential operator in L^(R") of order 2m with G-invariant 
Weyl symbol a and principal symbol a2m, and assume that [Ao u, u) > c \\u\\,^^ for some c > and 
all u S CJ?°(X), where is a norm in the Sobolev space H*(R"). Consider further the Friedrichs 
extension of the lower semi-bounded operator 

res o o ext : (X) — > L^ (X) , 

which is a self-adjoint operator in L-^(X), and denote it by A. Finally, let 9X be the boundary 
of X, which is not assumed to be smooth, and assume that for some sufficiently small g > 0, 
vol(aX)e < Gg, where {dX.)g = {xeR" : dist(a;,aX) < g}. 
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Since A commutes with the action of G due to the invariance of a, the eigenspaces of A are 
unitary G-modules that decompose into irreducible subspaces. In 1972, Arnol'd [1] conjectured 
that by studying the asymptotic behaviour of the spectral counting function 



where fJ-xW is the multiplicity of the irreducible representation of dimension corresponding 
to the character x in the eigenspace of A with eigenvalue A, one should be able to show that 
the multiplicity of each unitary irreducible representation in the above decomposition of (X) is 
asymptotically proportional to its dimension. 

The asymptotic distribution of eigenvalues was first studied by Weyl :16] for certain second 
order differential operators in K" using variational techniques. Another approach, which also gives 
an asymptotic description for the eigenfunctions, was introduced by Carleman |3j. His idea was 
to study the kernel of the resolvent, combined with a Tauberian argument. Minakshishundaram 
and Pleijel [T5j showed that one can study the Laplace transform of the spectral function as well, 
and extended the results of Weyl to closed manifolds, and Garding [5| generalized Carleman's 
approach to higher order elliptic operators on bounded sets in R" . Hormander [10| then extended 
these results to elliptic differential operators on closed manifolds using the theory of Fourier integral 
operators. Further developments in this direction were given by Duistermaat and Guillemin, Helffer 
and Robert, and Ivrii. The first ones to study Weyl asymptotics for elliptic operators on closed 
Riemannian manifolds in the presence of a compact group of isometries in a systematic way were 
Donnelly ^ together with Briining and Heintze [2 , giving first order Weyl asymptotics for the 
spectral distribution function for each of the isotypic components, together with an estimate for 
the remainder in some special cases. Later, Guillemin and Uribe [7j described the relation between 
the spectrum of the considered operators, and the reduction of the corresponding bicharacteristic 
flow, and Helffer and Robert [51 [S] studied the situation in R". Our approach is based on the 
Weyl calculus of pseudodifferential operators developed by Hormander [IT], and the method of 
approximate spectral projections, first introduced by Tulovskii and Shubin [15] . This method is 
somehow more closely related to the original work of Weyl, and starts from the observation that the 
asymptotic distribution function N(X) for the eigenvalues of an elliptic, self-adjoint operator is given 
by the trace of the orthogonal projection on the space spanned by the eigenvectors corresponding to 
eigenvalues < A. By introducing suitable approximations to these spectral projections in terms of 
pseudodifferential operators, one can then derive asymptotics for N{X), and also obtain estimates 
for the remainder term. Nevertheless, due to the presence of the boundary, the original method of 
Shubin and Tulovskii cannot be applied to our situation, and one is forced to use more elaborate 
techniques, which were subsequently developed by Feigin [5 and Levendorskii [12] . Recently, 
Bronstein and Ivrii have obtained even sharp estimates for the remainder term in the case of 
differential operators on manifolds with boundaries satisfying the conditions specified above. 

This paper is structured as follows. Part I provides the foundations of the calculus of approxi- 
mate spectral projection operators, and addresses the case where G is a finite group of isometries. 
The case of a compact group of isometries will be the subject of Part II. The main result of Part 
I is the following 

Theorem 1. Let G he a finite group of isometries. Then the spectrum of A is discrete, and the 
number N^iX) of eigenvalues of A, counting multiplicities, less or equal A and with eigenfunctions 
in the x-isotypic component resTi^^ o/L^(X), is given by 
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for arbitrary e £ (0, where \G\ denotes the cardinality of G, d^ the dimension of the irreducible 
representation of G corresponding to the character x, and 

Consequently, the multiplicity in L^(X) of the irreducible representation corresponding to the char- 
acter X is given asymptotically by jjj]-7A"/^'" as A ^ oo. 

ACKNOWLEDGMENTS. The author wishes to thank Professor Mikhail Shubin for introducing 
him to this subject, and for many helpful discussions and useful remarks. 

2. The Weyl Calculus for Pseudodifferential Operators in R" 

We first introduce the relevant symbol classes, as defined in [11], and recall some theorems of 
Weyl calculus that will be needed in the sequel. We then study the puUback of symbols, and the 
composition of pseudodifferential operators with linear transformations. Thus, let g be a slowly 
varying Riemannian metric in K', regarded as a positive definite quadratic form, and assume that 
m is a positive, g-continuous function on M' (see Definitions 2.1 and 2.2 in TT]). 

Definition 1. The class of symbols S{g,m) is defined as the set of all functions u G C°°(R') such 
that, for every integer k > 0, 

k 

vu{g,m]u) ^ svcp sup \u^^\x]ti, . . . ,tk)\ [\\gx{tjY^'^m{x)] < oo. 

Here u'^^'^ stands for the fc-th differential of u. Note that with the topology defined by the 
above semi-norms, S{g,m) becomes a Frechet space. Consider now R' = R" R", regarded as a 
symplectic space with the symplectic form 

<^{x,i]y,ri) = {£„y) ~ {x,r]), 

where (•, •) denotes the usual Euclidean product of two vectors. Thus, a — ^d^j A dxj. Assume 
that g is cr-temperate, and that m is cr, (7-temperate (see Definition 4.1 in [11 ). If a G S{g,m) is 
interpreted as a Weyl symbol, the corresponding pseudodifferential operator is given by 

Op^"{a)u{x)^ I j S^-y)^a[^^,i)u{y)dyd^, 

where d^ = (27r)~"(i^. Here and it what follows, it will be understood that each integral is to be 
performed over R", unless otherwise specified. According to |llj. Theorem 5.2, Op™ (a) defines a 
continuous linear map from iS(R") to 5(R"), and from iS'(R") to iS'(R"), and the corresponding 
class of operators will be denoted by C{g, m). Moreover, one has the the following result concerning 
the L^-continuity of pseudodifferential operators. 

Theorem 2. Let g be a a -temperate metric in R" R", g*^ the dual metric to g with respect to 
a, and g < g" . Let a € S(g,m), and assume that m is a, g-temperate. Then Op™ (a) : L^(R") — > 
L^(R") is a continuous operator if, and only if, m is bounded. 

Proof See [IT], Theorem 5.3. □ 

The composition of pseudodifferential operators is described by the Main Theorem of Weyl 
Calculus. 
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Theorem 3. Let g be a a-temperate metric in R" M", and g < g" . Assume that ai G S{g, mi), 
a2 € S{g,m2), where mi, m2 are a, g -temperate functions. Then the composition o/Op"'(ai) with 
Op™ (02) in each of the spaces S{M") orS'iW^) is a pseudodifferential operator with Weyl symbol 
(T™(0p"'(ai)0p™(a2)) in the class S{g,mim2). Moreover, 

a"'(0p'"(ai)0p™(a2))(x,C) - ^ {\ia{D,, D^; Dy, D^))' al{x,Oa2{y,v)\(y,r,)=(-,oM'■ 
{\) 3<N 

G S{g, h^mim2) 
for every integer N , where Dj — ~idj, D = {Di, . . . , Dn), and 

Proof See [TT], Theorems 4.2 and 5.2. □ 

Note that g can always be written in the form g{y,r]) = ^{^jv'j + l^jVj)- Then = 
so that 

(2) =max(Aj/ij)i/2. 

The following proposition describes the asymptotic expansion of symbols, see [12], Theorem 3.3. 

Proposition 1. Let Oj G S{g, h^' m) be a sequence of symbols such that = A^i < N2 <•••—> 00. 

Then there exists a symbol a G S{g, m) such that 

a) supp a C [J J supp aj; 
h) a^j:'rXa,eS{g,h^'m), I > 1. 
In this case, one writes a ^ a, . 

We will further write 

00 

S'"^{g,m)= fl 5(g,Cm), 
Ar=i 

and denote the corresponding operator class by C~°°{g, m). We introduce now certain hypoelliptic 
symbols which will be needed in the sequel. They were introduced by Levendorskii in |12| . 

Definition 2. The class of symbols SI{g,m) consists of all a G S{g,m) that can be represented 
in the form a = ai + 02, where cm < \ai\ and 02 G S{g, h^^m) for some constants c, e > 0. The 
corresponding class of operators is denoted by CT{g, m). If instead of cm < |ai| one has cm < ai, 
one writes a G SI^{g,m) and CI^{g,m), respectively. 

For a proof of the following lemmas, we refer the reader to [12j . Lemma 5.5, Lemma 8.1, and 
Lemma 8.2. 

Lemma 1. Let a G SI{g,m). Then there exists a symbol b G SI{g,m^^) such that 
Op^{a)Op^{b) - 1 G C-°°ig, 1), Op™(6)Op'"(a) - 1 G C-°°{g, 1). 
The operator Op™(fe) is called a parametrix for Op"" (a). 

Lemma 2. If a £ SI^{g,m), then there exists a symbol b G S{g,m^/'^) such that 

Op™ (a) - Op"' (6)* Op™ (6) G C-°-{g,m), 
where Op™(6)* is the adjoint o/Op"'(fo). 
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Lemma 3. Let e > 0, and at G S{g^ t e R, be a family of symbols depending on a parameter. 
Furthermore, assume that the corresponding seminorms Vkig, '^t) '^'^^ bounded by some constants 
independent oft, and let c > be arbitrary. Then there exists a subspace L C L^(R") of finite 
codimension such that 

||0p"'(at)u||L2 < c ||u||l2 for all u ^ L and all t G R. 

Remark 1. Lemma [3] is a consequence of the fact that, for a G S'((7, 1), one has the uniform bound 

|jOp'"(a)||L2 <Cmaxz.fe(5,l;a), 

k<N 

where C > and iV G N depend only on the constants characterizing g, but not on a (see the 
proof of the sufhciency in Theorem 5.3 in [11], and Theorem 4.2 in [12]). 

In general, the puUback of symbols under C°° mappings is described by the following 

Lemma 4. Let gi,g2 be slowly varying metrics on R', respectively R' , and x G C°°(R',R' ). Then 

X*^(52,l)c5(ffi,l) 

if, and only if, for every k > 0, 

fe 

92x{x){x''''\x;ti,...,tk)) < Ck]]_gia:itj), x,ti,...,tk eRK 

In particular, if m is g2-continuous, then x*to is gi-continuous and x* Sig2,rn) C S{gi,x*'m). 
Proof See [TT], Lemma 8.1. □ 
In all our applications, we will be dealing mainly with metrics g on R^" of the form 

(3) g.Av^v) - (1 + + \e)'\y\' + (1 + + \er'\v\', 

where 1 > g > S > 0. The conditions of Theorem [3] are satisfied then, and h'^{x,^) = (1 + 
|xp + ICP)''^^ by For the rest of this section, assume that g is of the form ([3]), and put 

h{x,£,) = (1 + l^p + In this case, the space of symbols S{g,m) can also be characterized 

as follows. 

Definition 3. Let g be of the form and m a g-continuous function. The class Tgj{m,M.^"'), 
< S < g < 1, consists of all functions u G C°°(R^") which for all multiindices a, (3 satisfy the 
estimates 

I u[x, i)\ < C^p m(x, (1 + I^P + 

In particular, we will write F'^ ^(R^") for Fg_5(/i^', R^"), where I G R. 

An easy computation then shows that S{g,m) ~ Fg ^(to, R^"). For future reference, note that 
u G S{g, m) implies 9^ 9f u G S{g, m /i^'"'^'^'^!). The puUback of symbols for metrics of the form 
([3]) can now be described as follows. 

Lemma 5. Let 5 -\- g> 1, and g be a metric of the form ([3]). Assume that xi^i C) = (2/(2^)1 vi^^ 0) 
is a diffeomorphism in R^" such that r] is linear in ^, and the derivatives of y and rj are bounded 
for 1^1 < 1. Furthermore, let 

■^9x..i{t) < 9x(x..i){t) < Cg^.^it), ^rn{x,C) < x*m(x,^) < Cm{x,^), 

where m is a g-continuous function, and C > is a suitable constant. Then x*S{g,m) C 
S{g,X*nT'). 
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Proof. Instead of verifying the necessary and sufficient condition in Lemma |4l we will prove the 
statement directly. Let b £ S{g, m), and let s, i . . . be A: vectors in K^". The k-th differential 

(6 o x)^"^ (x, C; s, i . . . ) = (i, D) {s, D)...{ho 
is given by a sum of terms of the form Sitj ... 9" (6 o x)(a;, where we can assume that all the 
coefficients Si.tj, . . . are different from zero; in particular, {bo xY^H^^O — b^^Hx{^7 0)x^^Hx,^), 
where 



Aix,0 B{x) 

A being linear in ^. The derivatives o x)(a;, ^) are sums of expressions of the form 

[d^ b){xix, OKd'' X^^){x, . . . (5^' X0(^, 0, 

where 71 + • • • + 7; = a and I = Since additional powers of ^ only appear in companion with 
additional derivatives of 6 with respect to 77 that originate from derivatives of 6 o ;^ with respect 
to X, each of the terms of {b o xY'^'^ (a;, ^; s, i, . . . ) can be estimated from above by some constant 
times an expression of the form 

af b){x{x,o)P\^M. 

where P'^{x,£,) is a homogeneous polynomial in of degree d which is bounded for |^| < 1, and 

d^\f3"\~N" = \l3"\-k + N'; 

here N' — \a'\ and N" — \a"\ denote the number of x- and ^-components in the product Sitj . . . , 
respectively. Indeed, if we differentiate in d"{bo x){x,S,) first with respect to ^ we get 

dfibox)ix,0^ E id,^^---dv. ,b)ixix,0)j^ix)---jr^ix), 

where 9^ = d^.^ ■ ■ - 9^^ , and differentiating now with respect to x yields the assertion. Note 
that TV" < 1/3" I . In order to prove the assertion of the lemma, we have to show that 

s,t,... gj^^{s)gj^^{t)...m{x,0 

where it suffices to consider only those s,t, . . . whose only non-zero components are Si, tj.... Since 
N' > d, there are d vectors p,q, . . . among the vectors s,t, . . . contributing with a;-components to 
the product SitjPf.qi .... Furthermore, let w,z, . . . be d vectors such that Wn+k = Pk, Zn+i = Qi, ■ ■ ■ j 
their other components being zero. We then obtain the estimate 

\s4mm---{d^Jdfb)ixix,m \P''{Og'J]{w)gl/^iz)...\ 

Hx{x,0)9l/(l,^){s)9l{l^){t) ■ ■■ 91/(1, ^){w)gl/^l^^{z) . . . 9l(^{p)9l(^{q) ■ ■ ■ 

<Cil + \x\^ + \^\Y^'-'-ey^ 

for all x, ^, s, i, . . . . Indeed, 

g'j,'H = \Pk\ii + \x\' + g'j^ip) = \pk\ii + \x\' + .... 

On the other hand, besides the d vectors p,q.- ■ there are still N' — d — k — |/3"| > \(3'\ vectors 

among the remaining vectors s,t . . . contributing with a;-components to the product Sitj .... Since 

1/2 

the corresponding quotients \ri\/g^f^^ ^-^{r) can be estimated from above by some constant, we can 
assume that there are precisely of them. Also note that there are exactly d + N" = |/3"| vectors 
among the vectors s,t . . .w, z . . . contributing with ^-components to Sitj .... We can therefore 
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assume that the components of s,t . . .w, z, . . . are prescribed by the multiindex /3 = (/3', /3") in 
such a way that 

s,tjPkqi ■ ■ ■ (af df b)ix{x, 0) = b^^^^Hxix, 0;s,t...w,z...). 
The desired estimate (jH) now follows by using the assumptions that b £ S{g, m) and 5 + g > 1. □ 

If a e S{g,m) is regarded as a right, respectively left symbol, the corresponding pseudodiffer- 
ential operators are given by 

Op'(a)u(a;) = / [ e''-'-'-y')^a{x, Ou{y)dy d£., Op'' {a)u{x) = [ [ e'^'=-y^^a{y,£.)u{y)dy d£_, 



where g is assumed to be of the form ([3|). By [TT], Theorem 4.5, the three sets of operators 
Op™ (a). Op' (a), and Op'^(a) coincide. Theorem |3] can then also be formulated in terms of left and 
right symbols. In what follows, we would like to treat left, right, and Weyl symbols on the same 
grounding by introducing the notion of the r-symbol. To do so, we introduce yet another class of 
amplitudes which is closely related to the space F'^ ^(M^"), compare [T3], Chapter 4. 

Definition 4. The class n'^^(R'^") consists of all functions u E C°°(M^") which for a suitable 
r G M satisfy the estimates 

I dl Uix, y,0\< Co.0,il + + \y\' + |en('-^l"l+^l/5+7l)/2(l + 1^ _ y|2)(r + ,|.|+.|/3+,|)/2_ 

The relationship between the spaces n'^^(]R^") and r'^^(M^") is described by the following 
lemma. 

Lemma 6. LetO < S < g < 1, andp : M^" — > M" be a linear map such that {x,y) > {p{x,y),x — y) 
is an isomorphism. Let a{w,r]) € r'g|5(K^"'), and define 

b{x, y, = a{p{x, y),ip{x, y)^), 

where '."E.^ GL(n,R) is a C°° mapping on some open subset S C M^", having bounded deriva- 
tives. IfS + g>l, then b e n'^_A-(S x M"). 

Proof. We will proof the assertion by induction on |a + /3 + 7|. First note that dy b{x, y, £,) 

is given by a sum of terms of the form 

(5) (a^' a){p{x, y),4>{x, y)£,)P\x, y, C), 

where P'^{x, y, £,) is a polynomial in ^ of degree d. Each of these summands can be estimated from 
above by 

C{1 + \p{x,y)f + 

where P'^{£,) is a polynomial in ^ of degree d with constant coefficients, and C > is a constant. 
We assert that the inequality 

(6) ^ g\a'\+S\P'\+d<-g\a\+S\f3 + -f\ 

holds for all |a + /3 + 7I = N, and all occurring combinations of a', /3', and d. It is not difficult to 
verify the assertion for = 1. Let us now assume that ([5]) holds for |a+/3+7| = N. Differentiating 
([5]) with respect to yields 

n 

J2{d,u 5^' 5(1' a){p{x, y), ^{x, y)Oi>{x, yhP'{x, y, 

i=l 

+ id^' dZ a){p{x, y), ^(x, y)0 P'ix, y, 0, 
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and we get the inequalities 

- Q{\a'\ + 1) + 5\P'\ + d< -g{\a\ + 1) + S\(3 + 7I, 

- g\a'\ + 6\(]'\ +d-l< -g{\a\ + 1) + 5\p + 7I. 
Similarly, differentiation with respect to, say Xj , gives 

n 

E(^-» «)(^'(^' y)' ymd., P^){x, y)P'{x, y, 

71 

+ E(^'K a){p{x, y), ^{x, y)0 9., (^(x, y)O^P''{x, V, 

1=1 

and we arrive at the inequalities 

- Q\a'\ + (5(|/3'| + 1) + < + (5(|/3 + 7I + 1), 

- Q{\a'\ + 1) + + d + 1 < -Q\a\ + + 7I - e + 1 < -g|a| + <5(|/3 + 7I + 1), 

- g|a'| + 5\p'\ +d< -g\a\ + S{\(3 + 7I + 1), 

where, in particular, we made use of the assumption S+g > 1. This proves ^ for |a+/3+7| = iV+1. 
Summing up, we get the estimate 

I dl di d1 b{x, y,0\< + \p{x, y)\ + ICD'-^I-I+^I'^+^I 

< C2{1 + Mx, y)\ + \x-y\ + |^|)'-d"l+^l/3+7l(l + 1^ _ y|)|/| + e|o|+5|/3+7l^ 

where the latter inequality follows by using the easily verified inequality 

il + \pix,y)\ + \^\y , , ,.|,| 

— — -— — -—— <C{l + \x~y\y \ seM, 

(1 + \p{x,y)\ + \x-y\ + \Qy 

compare the proof of Proposition 23.3 in [14]. Since |a;| + |?/| and |p(a;, + jx — y| define equivalent 
metrics, the assertion of the lemma follows. □ 

Proposition 2. Let a[x,y,S) G ^^ ^-(R^")^ yjh ere 1> g > 5 >Q. Then the oscillatory integral 
(7) Au{x)=j J e^^-~y^ia{x,y,Ou{y)dyd^ 

defines a continuous linear operator from S'(M") to 5(R"), and from 5'(K") to 5'(M"). 

Proof. Consider first the case a £ C^(M^"), and assume that u G C°°(M") has bounded derivatives. 
Then the integration in ^ is carried out over a compact set, and partial integration gives 

Au{x)^ f f e^<^^-y^Hx-y)-'UDi)'' {Dyf m^"" a{x,y,Ou{y)]dyd^, 



where M,N are even non-negative integers, and (a;) stands for (1 + + • • • + x^)^/^. Let now 
a e n'^__5(R3")^ and assume that M, iV are such that I - N{1 - 5) < -n, I + I' + 25N - M < ~n. 
The latter integral then becomes absolutely convergent, defining a continuous function of a;, and 
represents the regularization of the oscillatory integral ([T]). Increasing M and N we will obtain 
integrals which are convergent also after differentiation with respect to x. In view of the inequality 
(x)'^ < {y)^ {x — y)'' , where fc > 0, one finally sees that A defines a continuous map from 5(R") to 
iS(R"), which, by duality, can be extended to a continuous map from 5'(R") to 5'(M"). □ 

We can now introduce the notion of the r-symbol. In what follows, m will be a g-continuous 
function. 
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Corollary 1. Let a G S{g,m) = T g.s{'m,m?-^), Q < I - g < 5 < g < I, and t eR. Then 
Au{x)^ I [ e'^'=-y'>^a{{l-T)x + Ty,^)u{y)dydi 



defines a continuous operator in S{M"), respectively 5'(R"). In this case, a is called the r-symbol 
of A, and the operator A is denoted by Op^(a). 

Proof. For simplicity, we restrict ourselves to the case m = h~^ . By Lemma [6] we then have 
b[x, y, ^) = a{{l — T)x + Ty, ^) e II'^ ^(M'^"), and the assertion follows with the previous proposition. 
The case of a general m is proved in a similar way. □ 

Our next aim is to prove the following 

Theorem 4. Let < I - g < 5 < g < 1, t,t' eR be arbitrary, a{x, e Sig, m) = Tg^s{m, M^")^ 
and assume that k : M" M" is an invertible linear map. Furthermore, assume that m is invariant 
under k in the sense that m{K^^{x), = m(a;,^), and set A = Op^ (a). Then 

Aiu ^ [A{u o k)] o K-'^ , 

defines a pseudodifferential operator with a uniquely defined r-symbol a'^ (Ai) £ S{g,m). 

Proof. Let us consider first the case m = h~K Putting ki — k~^, one sees that Ai is a Fourier 
integral operator given by 



Aiu{x) = I I e*('"i(^)-^'-«a((l - t')ki{x) + r' y , i)u{K{y))dy 

e'('=^(")-''^(^»-«a((l-r')«;i(.T)+r'«;i(y),0|detKUj/)|w(2/)rf2/t??, 
and performing the change of variables ^ i-^ S^t 

A,u{x)^ I [ e'^--yy^ai{x,y,Ou{y)dydt 



where we put ai(a;, y, ^) — a{{l — T')Ki{x)+T' Ki{y),* k {^))\det Ki\\det Applying Lemma [6] with 
p{x,y) = (1 -t')ki(x) +t'/ci(?/), one obtains ai{x,y,^) € ^^ ^(R^") for arbitrary a € V'^g giM.'^''') = 
S{g,h^'^). Next, let us introduce the coordinates v = {1 — t)x + ry, w = x — y, and expand 
ai{x,y,^) = ai{v + Tw,v — (1 — t)w,^) into a Taylor series at w = 0, compare [M], pages 180-182. 
This yields 

a,{x,y,0^ E ^^n^rl'5|(l-T)l^l(x-y)^+^(9f9>i)K«,0+rjv(x,2/,0, 

|/3+7|<A'-l ^ 

where 

rN{x,y,0= E C0^i^-yf^'' f\l-tf-\dCd;a^){v + tTw,v-til-r)w,Odt, 

W+-l\=N ■'° 

C/3t, being constants. Since the operator with amplitude {x — y)^'^'^{d'^ dy ai){v,v,£,) coincides with 
the one with amplitude {—iy^'^'^^{d^'^'' D^D^ai){v,v,^), we can write Ai also as Ai = Bn + Rn, 
where -Bat is the operator with r-symbol 

|/3+7|<W-l ' 
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and Rn has amplitude rN{x,y,^). Similarly, we can assume that Rn is given by a sum of terms 
having amplitudes of the form 

/'(af+^ ai){v + tTw, v-t(i- t)w, 0(1 - tf-^dt, 

Jo 

where |/3 + 7I = N. In view of the estimate 

a; ai){v + trw, v^t{\- t)w, i)\ < C{1 + \v\ + \wt\ + + \tw\f+''^B+^\ 

for some V and |/3 + 7I — N, one can then show that rjv(a;,y,C) G n^"/''"^ '^■'(R^"), where, by 
assumption, g ~ S > 0. Define now A'l as the pseudodifferential operator with r-symbol 

oc 

(8) al(x,C)~ ^(&A'(a;,0-&iV-i(a;,e)). 

Then Ai—A[ has kernel and r-symbol belonging to 5(R^"). Since 5jv(a^, G S{g, h^^) for all N , the 
assertion of the theorem follows in view of the uniqueness of the r-symbol, and cr'^{Ai) £ F'^ ^(R^"). 
Let us consider now the case of a general m. By examining the proof of Lemma [6l we see that 
01(2:, y, (,) must satisfy an estimate of the form 

I dl ai(x, yX)\< Ci m{pix, y), (C)) (1 + |p(x, y)\ + |^|)-el«l+^l/3+7l 

< C2 m(p(x, y\ (0) (1 + |x| + \y\ + (1 + |^ _ 

Consequently, 

5f ai)(w + t™, - t(l - r)u), 0| < 

Cm{v{v + iru;, v - t(l - r)u;), *k (0) (1 -f \v\ + + lei)"^'"^"*^ (1 + 

where |/3 + 7I = -/V, and we can again define — Op^(a']^) by the asymptotic expansion ([5]), such 
that A\ — A[ has kernel and r-symbol belonging to 5(R^"). The assertion of the theorem now 
follows by noting that bN{x,£^) e S{g,m) = rg ,5(m,R^") for all N, due to the invariancc of m. In 
particular, one has the asymptotic expansion 

(9) a^A,){x,0- J2 ^r\''K^-r)^''^dl+^i~D,rD^ya,ix,y,0\y=.&S{g,h^m) 

for arbitrary integers N, where the first summand is given by ai{x,x,£^) = a{K~^(x), *k (0). □ 

Theorem |4] allows us, in particular, to express the r-symbol of an operator in terms of its 
r'-symbol. More generally, one has the following 

Corollary 2. In the setting of Theorem^ assume that, in addition, a(K~^{x), *k(^)) — a{x,^), 
and det K = ±1. Then Ai — A, and the r-symbol of A — Op^ (a) is given by 

(10) a^{A){x, - E (1 - ^)''' - 1)'"^''"' C ^^'«(^' 0- 

Proof. With ai{x,y,^) defined as in the proof of Theorem IH we have ai{x,y,£) = a((l — t')x + 
T'y,C)i so that Ax = Op"^ (a) = A. The corollary then follows with the asymptotic expansion 
(©. □ 
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3. The approximate spectral projection operators 

Let G C 0(n) be a compact group of isometries acting on Euclidean space M", and X a bounded 
domain in M" which is invariant under G. Consider the regular representation T in the Hilbert 
spaces L^(IR") and L^(X), respectively, and endow them with a G-invariant scalar product, so 
that T becomes unitary. Let be a symmetric, classical pseudodifferential operator of order 2m 
with principal symbol a2m as defined in and regard it as an operator in L^(R") with domain 
CJf'(R"). Furthermore, assume that is G-invariant, i.e. that it commutes with the operators 
T\g) for aU g G G, and that 

(11) (Aow,u)>ch||^, ueC,°°(X), 

for some c > 0, where (•, •) denotes the scalar product in L^(M"), and ||-||^ is a norm in the Sobolev 
space ^^(R"). Consider next the decomposition of L^(M" ) and L^(X) into isotypic components, 

L2(M«) = 0h^, l2(X) = resH^, 

where G is the set of all irreducible characters of G, and res denotes the restriction of functions 
defined on R" to X. Similary, ext : C(?°(X) — > L^(X) will denote the natural extension operator. 
The are closed subspaces, and the corresponding projection operators are given by 

Px^dx f W)T{k)dk, 

JG 

where dy^ is the dimension of the irreducible representation corresponding to the character and 
dk denotes Haar measure on G. If G is just finite, dk is the counting measure, and one simply has 

Since T{k) is unitary, one computes for u,v E L^(R") 

{u,P^v)^d^ [ x{k){u,T{k)v)dk^d-y [ xik-^){Tik-')u,v)dk = {P^u,v), 

JG JG 

where we made use of xig) — x{9^^)- Hence is self-adjoint. Let now A be the Friedrichs 
extension of the lower semi-bounded operator 

res o o ext : C;?° (X) — > L^ (X) . 

j4 is a self-adjoint operator in L^(X), and is itself lower semi-bounded. Its spectrum is real, and 
consists of the point spectrum and the continuous spectrum. Recall that, in general, a symmetric 
operator in a separable Hilbert space is called lower semi-bounded, if there exists a real number 
c such that 

{Su, u)>c \\uf for all u e V{S), 
where I?(iS') denotes the domain of S. Now, if V is a subspace contained in ^{S), the quantity 
7V(S',y) = sup{dimL : {S u, u) < V 7^ u G L}, 

Lev 

can be used to give a qualitative description of the spectrum of S. More precisely, one has the 
following classical variational result of Glazman. 

Lemma 7. Let S be a self-adjoint, lower semi-bounded operator in a separable Hilbert space, and 
define N(X, S) to be equal to the number of eigenvalues of S , counting multiplicities, less or equal 
X, if (—00, A) contains no points of the essential spectrum, and equal to 00, otherwise. Then 

N{X,S) =J\f{S - X1,V{S)). 
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Proof. See [12], Lemma A.l. □ 

In particular, the lemma above allows one to determine whether S has essential spectrum or not, 
where the latter is given by the continuous spectrum and the eigenvalues of infinite multiplicity. 
Let us now return to the situation above. Since A commutes with the action of G on L^(X), the 
eigenspaces of A are unitary G-modules that decompose into irreducible subspaces. Let therefore 
N^{X) be equal to the number of eigenvalues of A, counting multiplicities, less or equal A and with 
eigenfunctions in resTi.^, if (— cxd. A) contains no points of the essential spectrum, and equal to cx3, 
otherwise. One has then the following 

Lemma 8. N^{X) ^ M{Ao - Xl,n^r\C^(X.)). 

Proof. Let A^ be the Friedrichs extension of res o Aq o ext : CJ?°(X) n Hx — > resHx- Then 
N^{X) — N{X,A^), and the assertion follows with [H], Lemma A. 2. □ 

In order to estimate A/'(Ao — Al,7i^nCJ?°(X)), we will apply the method of approximate spectral 
projection operators. It was first introduced by Tulovskii and Shubin, and later developed and 
generalized by Feigin and Levendorskii, and we will mainly follow [12j in our construction. Thus, 
let us consider on M^" the metric 

(12) 9..Ay,v) = \y\' + h{x,0'\v\', h{x,o = (i + \x\' + m-'^'- 

which is clearly of the form fS]). Our symbol classes will be mainly of the form S{h~^^g,p) = 
Tis,s{p,^'^") where p is a a, /i^^'^^-teniperate function, and < ^ < 1/2. In this case, 

hi{x,o = {i+\x\' + \er'-\ 

by equation ([2]), which amounts to h^r = h^~^^ . Also note that u e S{h^^^ g,p) implies 9^ 9^ u € 
5'(/i-25g^/i(i-5)|ah5|/3|p). 1^ particular, S{h-^^g,h-^) = T[_s^g{M.^"), where I e R. The symbols 
and functions used will also depend on the spectral parameter A. Nevertheless, their membership to 
specific symbol classes will be uniform in A, which means that the values of their seminorms in the 
corresponding symbol classes will be bounded by some constant independent of A. Now, if a denotes 
the left symbol of the classical pseudodifferential operator Aq, clearly a S S{g, ft,^^™, K x R") for 
any compact set K C M" , so that cr'(Ao — Al) e S{g, q^, K x R") uniformly in A > 1, where 

(13) gt(x,C) = /i-'™(x,e) + A 

is a (T, f;-temperate function. But for u G C^(X), the quadratic form {{Aq — X\)u,u) entering in 
the definition of A/'(Ao - Al,^^ ^ CJ?°(X)) depends only on values of (j\Aq - Al) on X x R". By 
changing the latter symbol outside X x R" we can achieve that (J^{Aq — Al) € S{g, q\) uniformly 
in A > 1. In view of Corollary [2] we can therefore assume that Aq — Al can be represented as a 
pseudodiflFerential operator with Weyl symbol a\ — (t'^{Aq — Al) € S{g, q\). In particular, we may 
take f7™(ylo) € S{g, /i~^™). But by equation pT|) and Lemma 13.1 in [121 we even have 

0'2iyi{x,C) > c for all (a;,^) G X x S"~^ and some constant c > 0. 

Sincea — a2m G 5(.g, if x R"), we can therefore assume that Aq G £X^(g, /i^^™), obtaining 

Lemma 9. Let Aq be a classical pseudodifferential operator satisfying (|lip . Then Aq and Aq — XI 
can be represented as pseudodifferential operators with Weyl symbols cr'"(ylo) G SI^ {g,h'~'^"^) and 
a\ G SI^{g,qJ), respectively. 

Note that if (T™(ylo), and consequently also a\, are G- invariant in the sense that 

a^{AQ){ag{x,0) = a^{AQ){x,0, ax{ag{x,0) = ~ax{x,0, 
where CTg is the symplectic transformation given by ct^ (a;, ^) = {Kg{x),* K'g{x)~^{^)) = {Kg{x), Kg {£,)), 
and Kg{x) = gx denotes the action of g, the operators Aq and Aq — Al will commute with the 
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action of G by Corollary [21 We can therefore formulate the assumption about the G-invariance of 
Aq also in terms of its Weyl symbol, and shall henceforth assume that the Weyl symbol and the 
principal symbol a2m of are invariant under Cg for all g e G. In order to define the approxi- 
mate spectral projection operators, we will introduce now the relevant symbols. Having in mind 
Lemma [3 let ax £ S{g,l), and d e S{g,d) be G-invariant symbols which, on Xg x : |^| > 1}, 
Xg = {x : dist (x, X) < g}, are given by 

where p > is some fixed constant, and in addition assume that d is positive and that d{x, ^) — > 
as \x\ — !■ oo. We need to define smooth approximations to the Heaviside function, and to certain 
characteristic functions on X. Thus, let x be a smooth function on the real line satisfying < x ^ li 
and 

r 1 for ,s < 0, 
' \ for s > I. 

Let Go > and S E (1/4, 1/2) be constants, and put ui ~ 1/2 — 6. We then define the G-invariant 
function 

(14) xx^Xo{{ax + ^h'-'^ + 8God)h-'), 
where < 5 - w < 1/2. 

Lemma 10. xa G S{h^^^g,l) = Tl_g g{M?''-) uniformly in A. 

Proof. We first note that 

h-' e S{g, h-'), {ax + Ah'-'- -f 8God) G S{g, 1), 

since d e S{g,d) C S{g, 1), and h'~'- £ S{g,h'-'-) C S{g, 1). Now, each of the derivatives of xa 
with respect to x and ^ can be estimated by a sum of derivatives of a\ + Ah'~^ + SG^d) . But 
because of d^{ax + Ah'"- + 8Cod) e 5(5,/il"l), d'^dlh"' e 5(5, /i-*+l°l), we obtain 

I Xa(x, 0\ < = G„^^(l + \X\' + 

where Gq ,0 is independent of A. We therefore obtain xa € r?_5 o(R2") C r?_5 ^(R^") uniformly 
in A, and the assertion follows. □ 

Next, let U he a subset in M^", c > 0, and put 

U{c, g) = { (x, G R'" : 3(y, r,) e {/ : {x - y, ^ - v) < c} ; 

according to Levendorskii [12], Corollary 1.2, there exists a smoothened characteristic function 
ipc S 'S'(ff,l) belonging to the set U and the parameter c, such that supp-^c C U{2c,g), and 
'^c\u{c,g) = 1- Let now 

(15) X A = { (a;, e IR^" : "A < Ah'-- + 8God} . 

Both Mx and 9X x R" are invariant under dfe for all fc G G, as well as (9X x R")(c, h-^'g), and 
A4x{c,h-^'g), due to the invariance of a2m{x,£,), and the considered metrics and symbols. Now, 
let fjc,4'\,c € S{h~'^'g,l) be smoothened characteristic functions corresponding to the parameter 
c, and the sets 9X x R" and Mx, respectively. According to Lemma El we can assume that they 
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are invariant under at for all k ^ G; otherwise consider fjc o ak dk, ij^x.c o uk dk, respectively. 
We then define the functions 

0, x ^ X, 

{l-T)c{x,S,))^x.i/c{x,Cl, 2: e X, 

1, xeX. 

Only the support of •4'x,c depends on A, but not its growth properties, so that ijc, ?7a,-c G S{h^^^g, 1) 
uniformly in A. Furthermore, since 772c = 1 on suppyyc, and V'A.i/c = 1 on supp'0A.i/2cj on has 
77a -c = 1 on supp77A,-2c, which implies rix-2c'nx-c = ?7a,-2c- Similarly, one verifies ?7c?72c = Vc- 
We are now ready to define the approximate spectral projection operators. 

Definition 5. The approximate spectral projection operators of the first kind are defined by 

£x = Op"'(77A.-2) Op^ixx) Op'"(r/A,-2), 
while the approximate spectral projection operators of the second kind are 

£x=£l{'i-2£x). 

Remark 2. f ^ is a smooth approximation to the spectral projection operator Ex of A using Weyl 
calculus, while £x is an approximation to E\{2> — 2Ex) = Ex- Note that, since ?7a,-2 and xa are 
G-invariant, Corollary [2] implies that the operators Op"'(77A,-2), Op'"(xa), and consequently also 
£x and £x, commute with the action T{g) of G. The choice of £x was originally due to the fact 
that its trace class norm can be estimated from above by the operator norm of 3 — 2£x^ and the 
Hilbert-Schmidt-norm oi £x, which are easier to handle. This construction was first used by Feigin 

Both £x and £x are integral operators with kernels in 5(R^"). Indeed, the asymptotic expansion 
(III), together with Proposition [TJ imply that the Weyl symbols of £x and £x can be written in the 
form a + r, where a has compact support, and r S S~°°{h^'^^g, 1), because xa has compact support 
in and ?7a,~2 has x-support in X. Thus, a'^{£x) and a^{£x) are rapidly decreasing Schwartz 
functions, and the same holds for the corresponding r-symbols. By Lemma 7.2 in [11], this also 
implies that £x and £x are of trace class and, in particular, compact operators in L^(R"'). In 
addition, by Theorem[31 and the asymptotic expansion pll)l . one has (t'^{£x), cr^{£\) G S{h^^^g, 1) 
uniformly in A. On the other hand, the functions rix^-2 and xa are real valued, which by general 
Weyl calculus implies that Op"'(?7A,-2), Op"'(xa), and consequently also £x, and £x, are self-adjoint 
operators in L^(R"). By construction, £x commutes with the projection P^^, so that Px£\ — £\Px 
is a self- adjoint operator of trace class as well. Although the decay properties of a'^{£x) are 
independent of A, its support does depend on A, which will result in estimates for the trace of Px£\ 
in terms of A that will be used in order to prove Theorem [TJ In particular, the estimate for the 
remainder term in Theorem [T] is determined by the particular choice of the range (1/4, /1/2) for 
the parameter 5, which guarantees that \ — 5 > 5. By the general theory of compact, self-adoint 
operators, zero is the only accumulation point of the point spectra of £x and £x^ as well as the 
only point that could possibly belong to the continuous spectrum. The following proposition and 
its corollary give uniform bounds for the number of eigenvalues away from zero. They are based 
on certain L^-estimates for pseudodifferential operators. 

Proposition 3. The number of eigenvalues of £x lying outside the interval [— |, |] is bounded by 
some constant independent of A. 



(16) 
(17) 



'qx-c{x,0 
Vc{x,0 
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Proof. Since x\,V\.-c e S{h-^^g,l), Theorem [3] yields (t'^{£x) G S{h-^^g,l) uniformly in A. 
Furthermore, taking into account the asymptotic expansion ([T]), we have 

where rx e S{h~^^g, h^'^^). Now, since < xx,Vx -2 — 1' ^'^^ each e > there exists a constant 
c > such that e + rjf _2Xx > c and (1 + e) — 'q\ _2X\ > c. Consequently, the symbols of el + £x 
and (1 + e)l — £x admit a representation of the form ai + 02, where ai > c, 02 G S{h~^^ /i^^^*); 
thus 

el + £x e CJ+{h-^'g, 1), (1 + c)l - f a e 1) 
uniformly in A. According to Lemma[2l this implies that for each A there exist two operators Ti, T2 
such that el + f A > and (1 + e)l -£x> T2, and T, G C-°°{g, 1) uniformly in A. Therefore, by 
LemmalU there exist two subspaces Li C L^(]R") of finite codimension such that ||ri?i||j^2 < c 11^11^2 
for u G Li and all A, which implies, via Cauchy-Schwartz, that — e ||u||l2 !i {TiU,u) < e 11^11^2 on 
Li. Putting everything together we arrive at the L^-estimates 

{£xu,u) > {{Ti-el)u,u) > -2e\\u\\l2 , 

{£xu, u) < (((1 + c)l - T2)u, u) < (1 + 2e) ||u||^2 , 

where u G £1 H L2, and taking e = | yields the desired result, since codimLi O L2 < 00. □ 

Corollary 3. The number of eigenvalues of £x lying outside the interval [0, 1] is bounded by some 
constant independent of X. 

Proof. If Pi denote the eigenvalues of £x, then the eigenvalues of £x are given by i^i = vf {i—2vi) . □ 

Let now N^^ denote the number of eigenvalues oi £x which are > 1/2, and whose eigenfunctions 
are contained in the X"isotypic component H,^ of L^(]R"). Since zero is the only accumulation 
point of the point spectrum of £x, is clearly finite. The next lemma will show that it can be 
estimated by the trace of the operator Px£x, and its square, so that it is natural to expect that it 
will provide a good approximation for N^iX) — tr P^Ex ~ J^{Ao — XI, n C^(X)). 

Lemma 11. There exist constants ci,C2 > independent of X such that 

(18) 2tr{Px£xf ~ tr Px£x - ci < N^' < 3 tr P^^a - 2 tr(Pxf a)' + C2. 

Proof. Since £x G £{h^^^g, 1), Theorem [5] implies that £x is L^-continuous. Moreover, by Remark 
[TJ there is a constant C independent of A such that ||5a|Il2 — ^! hence all eigenvalues of the 
operators £x are bounded by C. Let now Vi^^ denote the eigenvalues of £x with eigenfunctions in 
Ti.^. Taking into account Corollary [3] and the previous remark, we obtain the estimate 

i/i.^>l/2 l/2<i'i,x<l i'i,x>l/2 l/2<i'i,x<l 

where ci > 0, like all other constants Ci > occurring in this proof, can be chosen independent of A. 
Consequently, the right hand side can be estimated from above by 3 tr Pt^,£a ~ 2 tr Px£x ■ Px^x + C2 ■ 
In the same way one computes 

i 0<i/i,x<l/2 i i 

where the right hand side can be estimated from below by 2trPx£x ■ Px£x — irPx£x — C4. This 
completes the proof of ([55)1 . □ 
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As the next section will show, iV^-^ will provide us with a lower bound for the spectral counting 
function N^{X). Nevertheless, in order to obtain an upper bound as well, it will be necessary to 
introduce new approximations to the spectral projection operators. Namely, let 

Xt^xiath-'), a+^ax-4h'-'^-8C,d, 
where x is defined as in p4p . As in Lemma [TUl one verifies that xt, ^ S{h^^^g, 1) uniformly in A. 
Definition 6. The approximate spectral projection operators of the third kind are 

:Fx^Op-{rjlxt). 

while the approximate spectral projection operators of the fourth kind are 

Like the projection operators of the first and second kind, !F\ and J-\ are self-adjoint operators 
in L^(R") with kernels in iS(IR.^"'), and therefore of trace class. Since J-\ commutes with T(fc), 
Px^x is a self-adjoint operator of trace class, too. Let Af^^ denote the number of eigenvalues of 
!F\ which are > 1/2, and whose eigenfunctions are contained in the X"isotypic compoment Ti-x- 
Since Proposition [3] and Corollary [3] hold for Tx and Tx as well, we obtain 

Lemma 12. There exist constants c\,C2 > independent of X such that 

(19) 2tr(Px^A)' - tvPxTx ~ ci < M^^ < StiPx^x - 2tr(Px^A)' + C2. 

Proof. The proof is a verbatim repetition of the proof of Lemma [TT] with £x replaced by J^x- D 

4. Estimates from below for Nx{X) 

In this section, we shall estimate the spectral counting function Nx{X) = J^{Ao — XI, Hx H 
CJ!°(X)) from below. More precisely, by adapting techniques developed in FT^ to our situation, we 
will show the following 

Theorem 5. Let N^^ be the number of eigenvalues of £x which are > 1/2, and whose eigen- 
functions are contained in the X'^^otypic component Ti-x- Then there exists a constant C > 
independent of X such that 

(20) A/'(Ao - Al,7^xnC^(X)) > A^l^ -C. 

As a first step towards the proof, let qx be defined as in (fT3|) . and qx € SI{g, qx^) be a G-invariant 
symbol which, on x : |^| > 1} is given by 

gA(x,o = («2™(x,e)(i + ier'"A))-'/', 

and consider the G-invariant function tt ~ {h^^^ +Cod)^^^^ G SI{g, tt), together with the operators 

n = 0p"'(7r), Qx = Op'^{qx). 

Since Trg^^ is bounded, IIQa is a continuous operator in L^(M"). The parametrices of 11 and Qx, 
which exist according to Lemma [U will be denoted by Ru and Rq^. Furthermore, an examination 
of the proof of Lemma [T] shows that if a e SI{g, m) is G-invariant, then the Weyl symbol h of the 
parametrix of Op™ (a) can be assumed to be G-invariant. Consequently, the parametrices -Rn and 
Rq^ commute with the operators T{k). 

Lemma 13. Let L^>' = Span{u e S{M.")nHx : £xu ^vu,v> \} and Lf/' = Op\r]x-i)Qx'nL^K 
Then 

(21) dim L^^ > dim L^^ - C ^ N^^ - C 
for some constant G > independent of X. 
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Proof. Let us first note that since 77a,-i has support in X x M", and Op {rjx^-i) Q\Il commutes 
with P^, we have L^^ C C^{X.) n Hx- Next, we will prove that 

(22) RuRq, Op'(77A,_i) =£x+T, 

where T e Indeed, the Weyl symbol of Op'(?7A -i) Qa H^a is given by a linear com- 

bination of products of derivatives of the Weyl symbols of Q\, 11, £x, and Op'(ryA.-i)- By the 
asymptotic expansion (|10p . 




9^i?^77A,-i(x,e). 



Now, equation (|5ip implies that, up to terms of order —oo, the support of (t'"(£a) is contained in 
supp77A,-2, and we shall express this by writing supp^^ ct"'(£a) C supp?7A,-2- For the same reason, 
we must have supp^^ (t™(Op'(77a,-i) Qa H^a) C supp77A,-2- But 77a, -i = 1 on supp?7A,-2 implies 
that all terms in the expansion of (t"'(Op'(?/a,-i)) vanish on suppr7A,-2, except for the zero order 
terms. Proposition [1] then yields 

on supp77A,-2, up to a term of order —oo. On this set, the Weyl symbol of Op (77a,-i) Qa H^a 
therefore reduces to 77a,-i — 1 times a linear combination of products of derivatives of the Weyl 
symbols of Q\, H and £\ supported in supp ?7a,-2, which corresponds to the Weyl symbol of Q\ Il£\, 
plus an additional term of order — oo. Thus, 

(23) Op'(r7A,-i)QAn5A = QAn£:A+T, f eC-^{g,T:q^^), 

and ([22)) follows by taking into account the definition of the parametrix. Now, Sx '■ is 
clearly surjective, and 

implies that £\ is injective on as well. Equation ([22]) therefore means that on 

(24) RnRq, Op'(77A,-i)gAn= 1^., +T£x^. 

According to Lemma [3J there exists a subspace of finite codimension M such that \\Tu\\ < ||m|| /8 
for all w G M and all A. This gives 

||Tf^iu|| < 2 ||Tw|| < i ||u|| for all u E L^^- D M. 

Let now v,w e n and assume that Op'(77A,-i) Qa ~ Op'(?7A,-i) Qa Hw. By pi]) we 
deduce w + Tf^^w = v^TE^^v and consequently ||(1 + Tei^){y - w)|| = 0. But for u e MnL^^ 
one computes 

11(1 + T£x>\\ > M - \\T£x'4 ^ (i - i) ; 

hence 1 + TE^^ is injective, and v — w. Thus we have shown that 

(25) Op'(?7A,-i) Oa n : i^- n M Z^- 

is injective, and the assertion of the lemma follows with C = codimil/ < oo. □ 

Since C C^(X)n7ix, the next proposition will provide us with a suitable reference subspace 
in order to prove Theorem [5] Its dimension will be estimated from below with the help of the 
preceding lemma. Note that the parametrices of 11 and Qx were needed to show the injectivity of 
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Proposition 4. There exists a subspace L C such that dimL > dimL^^ — C for some constant 
C > independent of A, and 

{{Ao - Xl)u, u)l2 < for all ^ u e L. 

Note that, by construction, L^^ C C^{'K.)nH^, while L^^ ^ C^(X). It is this proposition that 
accomplishes the transition from R" to X, which, according to is achieved by a perturbation 
of order — cxi. 

Proof. Let v e L^^ and w ^ Op'(77A,-i) QxUSxv e Z^^. Equation ([23]) imphes that 

= n£A« + f t., f e 

Consequently, one computes 

{{Ao - Xl)w, w) = (n* Ql[Ao -X1+ 4R*Q^0p^{h'-^ + Cod)RQ,] QxHExv^Exv) 

(26) -4(n*Q*i?^^0p"'(/i^-'^ +Cod)i?Q, QxU£xv,£xv) + {Tv,v) 

= : (i^i^A^^, Sxv) ~ i{D2£xv, Exv) + {Tv, v), 

where T is of order — oo. Now, since QxRq^ ^ 1 <= ^ °°{9^ 1)> we have 

I?2 = l + A'2, K2e£{g,h); 

indeed, by definition, the Weyl symbol of 11 is equal to tt = (/i'^^" + Cpd)^^/^ e SI{g,Tr). Now, 
according to LemmaEl Aq — XI = Op™{dx), where dx G SI^{g,qf). Thus, 

(27) i?i = n*[Q^Op™(aA)QA + 4 0p™(/i^-'^ + Cod)]n + ifi, 

where Ki £ C~°°{g,l). Furthermore, we can assume that qx G S{g,q^^) is such that ax = 
(ci2m ~ '^)9a ^ "^(S' 1)' using Theorem [3] one computes 

(28) ax-a^\QlOp^\dx)Qx)^ax-qldx+r = ql{a2,,,-X-~ax)+r£S{g,d), 

where r g S{g, h). But this implies ax — {Q'^Op"' {dx)Q x) + 4:Cod > cd for some sufficiently large 
Co and some c > 0; hence 

(29) ax-a^{QlOp^{dx)Qx)+4CadeSI+{g,d). 

Using Lemma [21 we conclude from (|29l) that there exists a T4 e C^°°{g, d) such that 

(30) Ql Op'^laA) Qx < Op^iax) + 4Co Op^{d) + T4. 
Together with II^awH^ > j Ikll^j equations (|26|) - (|30)) therefore yield the estimate 

((Ao - Al)u;, w) = {Tv, v) - A{K2£xv, £xv) ~ 4(f a«, f a«) + (i^if a«, f a«) 

+ (n* {Ql Op'"(aA) + 4Co Op'"(d) + 4 Op™(/i*--)] H^a^, £xv) 
< (n*[Op™(aA) + 8C0 Op"'(d) +40p'"{h^-^)] nSxv, £xv) - + {K3V, v), 
where K3 G S{h~'^^ g,h). We therefore set 

al OA + SCod + Ah^''^ G S{g, 1), 

and obtain the estimate 

(31) {{Aa~Xl)w,w) < {U* Op'"{a-)n£xv,£xv) - \\vf + {K3V,v). 

Thus, it remains to show that £1 H* Op"'(a^) II^a — 1 + K3 is negative definite on some subspace 
of finite codimension. In order to do so, we will show that £^ H* Op"'(a^) H^a — 1 + ^3 < —1 + ^4, 
where K4 G C{h~^^g, ft.") and w > 0. As it shall become apparent in the following discussion, the 
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key to this is contained in the fact that, although e S{g, 1), there exists a K5 £ C{h ^^g, h^) 
such that Op'"(xAa^XA) < i^s! Now, 

n^A = H^aPa = nOp"'(r,A,-2) Op^'Ixa) Op'^'(??a,-2)2?a 
= [nOp"'(77A.-2), Op'^Ixa)] Op'"(ryA,-2)2?A 
+ Op'^'(xa) n Op'"(7/A,-2) Op'"(77A,-2))2?A =: Wi + W2, 
where we put 2?a — ^xi^ — 2£a)- Since 11 and £\ are self-adjoint, we obtain 

(32) Exl^0v"{al)^^x^W;0^'^{al)W2 + R 

where R = Op™(a^)W2 + W^2* 0^'"{a^ )Wi+Wl 0^'^{al)Wi is given by a sum of terms which 
contain either [H Op"'(?7A,-2), Op'"(xa)], or its adjoint [Op"'(xa), Op"'(7yA -2) H], as factors. Now, 
the crucial remark is that 

(33) supp^a"'([nOp'"(r,A,-2), Op'"(xa)]) C supp^iff Xa C {{x,0 ■ W^i^^Ol < h\x,0} , 

where supp^jjff xa — |(x,^) : 3fc > : XxH^iO 7^ o|. To see this, first note that by Theorem [3] 

and Proposition [11 we have the trivial inclusion supp^^ cr"'([n Op"'(77A,-2), Op"'(xa)]) C suppxA- 
But since the terms in the asymptotic expansion of the Weyl symbol of [11 Op™(7]A,-2), Op™(xa)] 
are of order > 1, they vanish unless (x,^) € supp^jjff xa, and one obtains the first inclusion. The 
second inclusion follows by noting the implications 

xf^=OVfc>0 ^ XA = OorxA = l <= a'h-^ >1 or a'h-^ <0. 
While computing the Weyl symbol of R, we can therefore replace with 

(34) fcA-«A^A, 9x^e{^a-h-'), 

where 9 G C^(M) is a real valued function taking values between and 1, which is equal 1 on [—1,1], 
and which vanishes outside [—2,2], so that ^a = 1 on {{x,^) : |a^(a;,^)| < h^{x,£,)}. Indeed, this 
replacement adds at most a term of order —00 to the Weyl symbol of R. Now, the adventage 
of performing this replacement resides in the fact that, on supp^A, one has \a^\ < Ah^ , which 
together with 

a,-(x,OI < C{1 + \x\' + < C{1 + \x\' + |^|2)^i.ii.«^^ > ^ 

i.e. Vk{h~'^^ g,h^ \a^) < 00, k > 1, yields £ S {h^^^ g , , supp 9 \) , in contraposition to £ 
S{g, 1). Consequently, £ S{h^^^g,h^), and we obtain 

(35) R £ C{h-^^g, h\^) C C{h-^^g, h'^), 

since M^i, 1^2 e C{h~^^ g,TT),Vx £ C{h-^^ g , 1) , e.nd = h^{h^^'^+Cod)-^ = (h-'^+Coh-^d)-'^ ~ 
/i". Equations (PT|) . ([5^ . and ([55)) therefore yield the estimate 

(36) {{Ao - Al)ii;, w) < {W^ Op'"{a-)W2V, v) - \\v\\^ + {K^v, v), 

where = K3 + R £ C{h^^^g, h^). To examine W2*Op"'(a^)W2 more closely, let us consider the 
operator 

S = Op"'(xA)Op"'(a-)Op'^(xA) - Op'^(xAaAXA). 
By the usual argument, the asymptotic expansion ([T|) and Proposition [T] yield supp^^ a-™(S') C 
supPjjifiXA- In the computation of the Weyl symbol of S we can therefore again replace with 
6^, getting at most an additional term of order —00. Since Op"'(xa) G C{h-^^g, 1) by Lemma [H 
we obtain 

(37) S £ £{h-^^g,h^). 
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Now, by construction, Xa < since < Xa < 1 and xa = for /i * > 1, so that one infers 
I (xAa,-XA)(x, 0\ < C{1 + \x\' + |eH(-^-(i-^)IH+^l/5|)/2 

for some constant C > 0. But this imphes Op*"(xAa^XA) € C{h^^^g,h^). Using ([36|) and ([37|l . we 
therefore get 

((Ao - Xl)w, w) < {W; Op^ixxa~xx)W3V, v) - \\vf + [K^v, v) = - \\vf + {K^v, v), 

with 

^3 =nOp"'(77A,-2)Op"'(77A,-2pA e C{h-'''g,^), 

Ke=.K5 + W;0p^{xxalxx)W3 G C{h-^'g, H^). 

Since = h^^'^^ , Lemma [3] imphes that the operator —1 + Kq is negative definite on a subspace 
U C L^(M") of finite codimension which does not depend on A. Putting L Op' (77^,-1) Qx TlSxiUD 
L^^ n M) C X^^ with M as in wc finaUy get 

(38) ((^0 - Al)u;,w) < yO^weL, 

where dimC/ n L^^ D M - codimM < dimAf £x{U L^^ M) < dimi, since £x is bijective 
on i^^, and dimi^^ < dimt/ n L^^ n Af + codimC/ n M. The assertion of the proposition now 
follows. □ 

We can now prove Theorem [S] 

Proof of Theorem\^ Let L C C C^(X) n V.^ be as in the previous proposition. Then p8|) 
holds, and J\f{An - Xl,'Hy^ D C~(X)) > dimi. Furthermore, dimi > dimi^^ - C = iV^^ - C, 
and the assertion of the theorem follows. □ 

5. Estimates from above for N^{X) 

In this section, we will prove an estimate from above for N^{X) ~ Af{AQ — XI, H CJf'(X)) 
in terms of the number of eigenvalues of which are > 1/2, and whose eigenfunctions are 

contained in the x- isotypic component Ti^. In order to do so, we first prove the following 

Proposition 5. There exists a constant C > independent of X such that 

U{Ao - xi,n^ n c?°(x)) < AA(Op'(77i)nop'"(a+)nop''(77i) + i,n^n c~(M")) + c. 

Note that this proposition accomplishes the transition from variational quantities related to M" 
to quantities related to the bounded subdomain X. Now, the proof of Proposition [5] relies on the 
following 

Lemma 14. There exists a subspace L C C^(X) of finite codimension in CJ?°(X) such that 

{{Ao-Xl)u, u) > ([Op'(ryi)nOp"'(a+)nOp'-(r,i) +l]RnRQ^u, RuRq^u) 
for all ^ u (z L, and all X. 

Proof of Proposition^^ Let us assume Lemma [H] for a moment, and introduce the notation 

Ax[u]^{A^-Xl)u,u), SaM = ([Op'(7,i)nOp'"(a+)nOp'^(77i) + l\u,u). 
According to that lemma, there exists a subspace L in CJ?°(X) of finite codimension such that 

Ax[u]>Bx[RnRQ,ul Q^ueL, 



REDUCED WEYL ASYMPTOTICS FOR PDO ON BOUNDED DOMAINS I 



21 



for all A. Let now to be a positive cr, 5 -temperate function such that 1/to is bounded. Following 
[12], we introduce the weight spaces of Sobolev type 

H(g,m) =span{rw :u>gL2(M"), T e C{g,l/m)] C L2(R"), 

and endow them with the strongest topology in which each of the operators T : L^(M") Ti-ig, m), 
T g C{g,l/m), is continuous. It can then be shown that there exists an operator A,„ g C{g,m) 
such that Am : H{g,m) L^(R") is a topological isomorphism. In particular, Tl{g,m) becomes a 
Hilbert space with the norm ||u||„j = ||Amu||L2. Furthermore, we have the continuous embedding 
5(R") C H{g,m), and if mi is a bounded, cr, g-tempered function, and A G h{g,mmi), then 
A : Ti{g,m) Ti{g,m^^) defines a continuous map. Now, by Theorem [4] and the asymptotic 
expansion RuRq^ G tt^^qx), so that by Lemma[T]the operator At^RyiRq^A'^^ G ^^{g, 1) 

has a parametrix Z e Cl{g, 1) satisfying Z At^RuRq;^A^^ = 1 + K, where K e C~°°{g, 1). Since 
by Lemma[3]the kernel ofl + K must be finite dimensional, Ker Aj^RuRq^A^^ < 00; consequently 

(39) r = dimKer(i?ni?Q, : nig,qx) H{g,Tr)) < 00. 
Next, let U C C^(X) n be a subspace such that 

AaM<o, yo^ueu. 

Then, for aU ^ w e y := C/ n L n Cnig,q,) (Kcr Rn Rq, : Hig, qx) ^ n{g, t:)), 

(40) 0> Bx[RnRQ,u]. 

Because Rn Rqx is injective on V, ((39|l yields the inequality dimU < dimV + C < dimi?n RqxV + 
C for some constant C > independent of A. Since RuRq^ commutes with the operators T{k) of 
the representation of G, RuRq^V C Ti^ H 'H{g, tt), and we obtain the estimate 

dimt/< sup {AunW : Bx[w] <Q yQ^w(^W} + C. 

But C^(R") n is dense in 7i((7, tt) n Ti^- and the assertion of the proposition follows. □ 

Let us now prove Lemma [T4l 
Proof of Lemma\T^ Let u e C~(X). Then 



since rjc is equal one on X x W\ Now, for general B e C{g,p), {Op^ {rjc) B) is given by an asymp- 
totic expansion ' where the first term is equal to rjcCr^^B). Consequently, (Op^ (r]c)B) = 
r]cCr''{B) + {a-'nc<j''{B))+r, with a as in Propostion[Tl and r e S-°^{h-^^ g,p). But a-77cCr''(B) =0 
on X X M", and we obtain 

(41) Op''{ri^)Bu = Bu + Tu, T e C-"={h-^^g,p). 

Using Lemma [HI and setting u = Ru Rq^u, one computes 

((^0 - Al) M, u) - {Op^{hx) Qx n u, Qa Hm) + (Ti u, u) 

= {U*[QlOp^{ax)Qx-^Op^(h'-^ + Cod)]nu, u) 

+ 4{U*0p'"{h^-'^ + CQd)nu, u) + (Ti u, u) 

=: (n* DinOp''(7yi)u, Op'' {m)u) + 4{D2U, u) + (T2 w, u), 
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where we took (|4T|) into account together with RuRq^ —BhRqx G ^ °°{9, ^att^^), and Ti e 

The reason for including Op'^(77i) will become apparent in the proof of the next theorem. Now, by 

(PSj) . ax - a"" iQlOp'^ {ax)Q x) e S{g,d), which implies that for sufhciently large Co 

Di - Op"'(a+) ^ Q*xOp^{ax)Qx+iCoOp^{d) - Op"'(aA) e CI+{g,d), 

so that according to Lemma[2l there exists a Ta G C^°°{g^d) such that Di — Op"'(a^) > T3. On 
the other hand, since tt^ = (h^^^ + Cod)~^ , D2 — 1 G ^{g, h), and we obtain 

(42) ((Ao- Al)u, li) > (0p'(?7i)n*0p"'(aA)n0p''(ryi){i, ii) + 2\\u\f + {TiU, u), 

where T4 e C{g,iT^^q\h); hereby we used the fact that Op'(77i) is the adjoint of Op'^(ryi), compare 
[14], page 26. Furthermore, since by ^ the Weyl symbol of RuRq^ is equal to n^^qx modulo 
terms of lower order, 

(i?ni?Qj*i?ni?Q, +T4 e CI+{g,TT-m). 
Lemmas [T]- [3] now allow us to deduce the existence of a subspace L C CJ?°(X) of finite codimension 
in L^(X) such that 

(43) + (T^u, u) - {[{Rn RQj*Rn Rq, + T4]u, u) > 

for all 7^ w e L, and all A. Indeed, according to Lemma O A^2 [{Ryi Rq^)* Rn Rq^ + T4]A72^ g 

/:X+(g, 1) can be written in the form B*B + T5, where B e CI{g, 1) and T e C~°"{g, 1). By 
a reasoning similar to the one that led to (|39p. one can infer from Lemma [1] that the kernel of 
B must be finite dimensional, and together with Lemma [3] conclude that there exists a subspace 
L C L^(M") of finite codimension such that 

\\Bu\\^,>c\\u\\^,, \\T,u\\^, < y hlL^, 

for all M e L and some constant c > 0. Thus, we obtain (|43p . and together with (|^^ we get 

{{Ao ~ Al) u, u) > ([Op'(?7i) n*Op'"(a+) n Op'' (771) + 1] u, u) 

for all u E L. This concludes the proof of the lemma. □ 

We are now in position to prove an estimate from above for Af{Ao — Al, Hx H CJ?°(X)). 

Theorem 6. Let he the number of eigenvalues of Tx which are > 1/2, and whose eigen- 

functions are contained in the x-^sotypic component Ti.^. Then there exists a constant C > 
independent of A such that 

UiAo - Al, n c^(x)) < A/^^ + c. 

Proof. We shall continue with the notation introduced in the proof of Proposition O According 
to that proposition, it suffices to prove a similar estimate for A/'(Op'(77i)nOp"'(aJ)nOp'^(77i) + 
1, Hx n C^(R")) from above. For this sake, we will show that there exists a subspace L C U^^ — 
Span{u G 5(M") n Hx : Txu — vu, v < 1/2}, whose codimension in U^^ is finite and uniformly 
bounded in A, such that 

SaH>0 forallueL. 
Indeed, let us assume this statement for a moment. Since Tx is a compact self-adjoint operator in 
L^(]R"'), there exists an orthonormal basis of eigenfunctions in 5(M"). But Tx commutes 

with the action T{g) of G, so that each of the eigenspaces of Tx is an invariant subspace, and must 
therefore decompose into a sum of irreducible G-modules. Consequently, has an orthonormal 
basis of eigenfunctions lying in 5(M") fl T-L^- Hence, 
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where Kf^ = Span{M G S{W)r\Hx : ^au ^ i^u, > 1/2}. Now, iiW C 5(R") nH^ is a subspace 
with 

Bx[u]<0 for all 7^ It e W^, 
then LOW — {0}, and therefore W C V^'^ J7, where [/ is a finite dimensional subspace of 
U^^ whose dimension is bounded by some constant C > independent of A. Consequently, 
dim W < dim V-^^ + C. But this implies 

AA((Op'(r;i)nOp"'(a+)nOp'^(ryi) + l),n^ C,°°(M")) 

< sup (dimM/ : ((Op'(r/i)nOp™(a+)nOp''(?7i) + u) < ^O^uew] 

< dim V^"- + C = M^^ + C, 

and the assertion of the theorem follows with the previous proposition. Let us now show the 
existence of the subspace L. Take v e C/^^ C L^(M"), and put v — [1 — J-\)v. We then expect 
that Bx[v\ > 0. Now, one computes 

Bx[v] = ((1 - .F;)Op'(77i)nOp'"(a+)nOp^(r;i)(l - T'x) v, v) + \\{1 - Tx)vf + {K, v, v) 

(44) > iDv,v) + {\\v\\ - \\Txv\\ f + {Kiv,v) 

> {Dv,v) + ^\\vf + {Kiv,v), 

where we put T'^ = Op'"(x^)^(3 - 20p"'(x^)), 

D = {1- J-;)Op'(r7i)nOp™(a+)nOp^(77i)(l - T'x), 

and Ki e Indeed, one has \\Txv\\ < \ and Op''(?7i)J^A - Op'^(?7i)J^^ G L'^^ {hr"^^ g,\), 

since the terms in the asymptotic expansions of the Weyl symbols of Op''(r/i)J^A and Op''(?7i)J^^ 
coincide because of 772 = 1 on suppr^i. Next we note that, similarly to ((33| . 

(45) supp^a'^([.F;,Op'(77i)n]) C supp^iff x| C {{x,i) : |a+(a:,C)| < h\x,i)) , 
and we set 

hl = aXBx. ex = e{^-a\h-'\ 

with Q as in (I34p . An argument similar to that concerning shows that h\ e Sih^"^^ g,h^). Now, 
because of h\ = a J on supp^^ a^dJ^'-^jOp^rji)!!]), we have 

{Dv, v) = ([(l-.F;),Op'(77l)^]Op"'(6+)^Op'-(77l)(l-.F;)^;, i;) 

+ (Op'(77i)n(l - .Fj,)Op"'(a+)nOp'-(77i)(l - V, v) + {K2 V, v), 

where is of order -00. Since [(1- J^^), Op'(?7i)n]Op"'(6+)nOp''(?7i)(l-J^;) e C{h-^^ g, h^ir^) C 
£{h~^^g,h^), we therefore obtain 

{Dv, v) = (Op'(77i)n(l - .^j,)Op"'(a+)nOp'-(77i)(l - J^i) v, v) + (K, v, v), 

where e C{h^^^g, h^). Using a similar argument to commute nOp'^(77i) with 1 — JF^, wc finally 
get 

(46) {Dv, v) - (Op'(77i)n(l-.F;)Op"'(a+)(l -.F;)nOp'-(77i)«, v) + (K^iV, v), 

where £ £{h^^^ g, h^). Now, the asymptotic expansion of the Weyl symbol of the operator 
(l-.F;)Op-(a+)(l-.F;) gives 

(47) ^-((1 - T'x)Op-{at){l T'x)) - [1 - (x^)'(3 - 2x^)]'a+ + r 



24 



PABLO RAMACHER 



with supPoQ r C suppjjjffXA- While computing r, we can therefore replace by 6^, so that 
r G S{h^'^^g,h^). As a consequence, (|46]) and yield 

(T^z;, v) = (Op'(77i)nOp^"([l - (x+)'(3 - 2xX)f a+)liOv'' [m) v , v) + (i^4t;, «), 

where e C{h-'^^g, h'^). Hereby we used again the fact that n'^h^ ^ . Next, one verifies that 
[1 - (xj)'(3 - •^xDYal + C^h' G Sl+ih-^'g, [1 - (x|)"(3 - 2xt)?a+ + C,h') for some Ci > 0, 
since = 1 for < 0, so that [1 — (xj)^(3 — 2x^)]^aJ > 0. According to Lemma [5J we therefore 
have 

Op'"([l - ixtfi^ 2x+)]^a+) >K,e C{h-''g, h'), 
and we arrive at the estimate 

(Dv,v)>{Kqv,v), KqE C{h-'^^g,h''). 
Together with we finally obtain the estimate 

Bx[i] > ^{v,v) + {Krv, v), Kt e C{h-^^ g,h^). 

Using the already familiar argument of Lcmma[31 one infers the existence of a subspace M C (M") 
of finite codimension on which 1/4+7^7 is positive definite. Putting L := {l — !F\){U^''r]M) C U^^ 
we therefore get 

Bx[w] > 0, for aU w e L. 
Furthermore, since 1 — T\ is injective on U^^ , codim^?^;^ L = codim^^;^ {M n U^^) < codimAf, 
as desired. This completes the proof of the theorem. □ 

Remark 3. The leading idea in the proof of the last theorem was that each v £ U^^ has to 
be, approximately, an eigenvector of the corresponding spectral projection operator of A with 
eigenvalue zero. For this reason, such a v cannot satisfy {Av, v) < X nor be an element of W. 

6. ASYMPTOTICS FOR tr F;;,,^^ AND tr P^T\. THE FINITE GROUP CASE 

For the rest of Part I, we shall concentrate on the case where G is a finite group. The compact 
group case will be treated in Part II. The two preceding sections showed that, in view of Lemmata 
[TT] and [T^ the spectral counting function N^{X) = Af{Ao — XI, Ti^ n C^(X)) can be estimated 
from below and from above in terms of the traces of Px£\ and Px^\, and their squares. We will 
therefore now proceed to estimate these traces in terms of the reduced Weyl volume. For this sake, 
we introduce first certain sets associated to the support of the symbols of the approximate spectral 
projection operators; their significance will become apparent later. Thus, let 

W^A = {(a^,C)eXxR":aA<0}, 

A,,A = {(a:,^ e X X M" : < c{h^-^ + d)} , B,,a = X x R" - A,,a, 
Dc = (ax X W'){c,h-^^g), 

Fx = {(.T,e) e X X R" : XA = or ?7a,-2 =0 or xa = ?7a,-2 = 1} , 
nVc.x = {(a;,0 e X X M" : [oaI < cih^-"^ + d)} U {(x,^) e : x e 1^, ax < c(/i*-'^ . 

Note that D, = e K^" : dist {x,dX) < y^{l + \x\^ + since for 

,-2(5/_ „. „\ /I , i„|2 , |/-|2\5 



h-'\x,Ogi..oi^ - - = (1 + 1^:1' + \i\y 



y\' 



< c 



-l + lrrP + ieP 

to hold for some (y,??) e 5X x M", it is necessary and sufficient that |a; — y\^{l + |xp + I^P)'' < c 
is satisfied for some y G 9X. Now, recall that \G\ = J^xeG^x' then have the following 
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Proposition 6. For sufficiently large c > we have 

(48) ItrP^^A - V^(X X R",ax)\ < cvoinVc,x, 

where 

dl f f dl 



(49) Y^{^ X M",a,) ^ .(_^,o] K(x, e))da; = ^2TT)n\G\ 

is the expected approximation given in terms of the reduced Weyl volume, and i(_oo,o] denotes 
the characteristic function of the interval {—oo,0]. Furthermore, a similar estimate holds for 
tr Px£\ ■ ^x^A, too. 

Proof. The proof wiU require several steps. Let a^{£x){x,^) denote the right symbol of £x- Then, 
for u e C?°(R"), 



P^8xu{x) = ^ E ^('^) / / e'^''"'-'-y^^a^{Sx){y,Ou{y)dyd^. 
I I heG •' 

The kernel of P^Sx, which is a rapidly decreasing function, is given by 



heG 

The trace of Px^x can therefore be computed by 



tr P^Sx = J Kp^sx {^^ x)dx 
G\ ' \G\ 



^^ + ^E^('^)/ Je'^''"^'''^^a''{£x){x,Odxd^, 



= T^tr 



where we made use of the relation x(e) = d^, and the fact that tr^A — J J o'^ {£x){x, £,)dx d^. As 
a next step, we will prove that, for all e 7^ ft, G G, there exists a sufficiently large constant c > 
such that 



(50) 



a^£x){x,OdxdC 



< cvol(7^Vca)• 



As already noticed, the decay properties of cr'^ {£x){x, £,) G S{h~^^g,l) are independent of A for 
arbitrary r G K, while its support does depend on A. Indeed, by Theorem [3] and Corollary ^ 
together with the asymptotic expansions IH) and pT7)l and Proposition [1] 

(51) <T^{£x) = {vl-2Xx)\5 - 2iTi,-2Xx) + fx + rx, 

where rx G S^°°{h^^^g,l), and fx G S{h^^^g,h^^^^), everything uniformly in A; in addition, 
fx{x,^) = if (x,^) G Fx- To see this, note that a"^ {£x)ix,S,) is given asymptotically as a linear 
combination of products of derivatives of a^{£x) at (a;, ^), which in turn is given asymptotically by 
a linear combination of terms involving derivatives of ?7a,-2i Xa- The r-symbol of £x is therefore 
asymptotically given by 

a^Sx)- E a,eS{h-^'g,h^'-^'^''), a, e S{h-'' g, h<^'~''^^), 

0<j<N 

^2 ^,,\2(o_n^2 



where the first summand oq is equal to (77^ _2Xa) (3 — 2?]^ -2Xa)- Let now a be as in Proposition 



[T] such that a ^ X!i>o'^J' ^^'^ ''a = cr'^i^x) — a G S* °°(/i ^^g,l). Since supp (a — ao) C 



Uj>isuppaj, fx ^ a - (?7a -2Xa)^(3 - 2rjl _^xx) G S{h '^^g,h^ '^^) must vanish on Fa, and 



we 
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obtain ([5T|) . Now, since \r\{x,^)\ < C"(l + |xp + for some constant C" independent of A 

and N arbitrarily large, we get the uniform bound 

\r^{x,0\dxd^<C- 

note that the a:-dependence of h(x, ^) is crucial at this point. For this reason, and in order to show 
(|50|) . where now r = 1, we can restrict ourselves to the study of 

(52) / / e^^^-'^'^^i{{r^l_,xx?{3~2rjl_,xx) + h){x,Odxd^, 

where we took into account that ?7a.-2 has compact x-support in X. Next, we examine the geometry 
of the action of G in more detail. Thus, let 

S = {x e M" : gx — x for some e ^ g e G} 

denote the set of not necessarily simultaneous fixed points of G. In other words, 

E = IJ Eg, Eg = {a; e R" : gx = x} . 

Note that every connected component of Eg is a closed, totally geodesic submanifold. We then 
have the following 

Lemma 15. There exists a constant k > such that d{gx,x) > Hid{x,Yig) for all x e M", and 
arbitrary e 7^ g G G. 

Proof of Lemma \T5[ Let x S — Eg be an arbitrary point, and p the closest point to x belonging 
to Eg. Write x = cxp^taX, where exp^ denotes the exponential mapping of M", and (j>, X) G 
Tp(R"), \X\ ~ 1. Then to ~ d{x,I]g). Consider next the direct sum decomposition Tp(M") = 
U (BV, where 

U^{{p,Y)eTp{W'):dgp{Y)^Y}, 
and V — U^. Since p is a fixed point of g, we also have the identity 

9 exppF = exppdgp{Y), 

which implies exp^ ty G Eg if, and only if, {p,Y) G U, where t G K. Consequently, U — Tp{I]g). 
Now, with expp tY = p + tY , and a;, p as above, one computes 

\gx-x\^ = \expptodgp{X) - expptoX\^ = \p + todgp{X) - p - toX\^ ^ d'^{x,j:g)\dgp{X) ~ Xf . 

Because of (x—p) _L Eg, we must have (p, X) G Tp(Eg)^ = V, and therefore \dgp{X)—X\'^ ^ 0. The 
latter expression depends continuously on (p, ^) G {(p, F) G Tp(Eg)-'- : |y| = l}, and is actually 
independent of p, so that it can be estimated from below by some positive constant uniformly for 
all X. The assertion of the proposition now follows. □ 

Returning now to our previous computations, we split the integral in (|52p in an integral over 

V = \{x,£) G X X M" : dist (x, E) > (1 + leH"*'''^} , 

and a second integral over the complement of I? in X x R". Since suppxA C {(x, ^) : a\ +4ft,''~" + 
8C0 < h^}, the integral over Cnxxl' can be estimated by a constant times the volume of the set 
{(x,0 e ZnxyiV ■■ ax + 4/i*-" + 8Cod < h^}, which is contained in the set {(x,^ G X x : 
dist (x, E) < (1 + ax < c{h^~'^ + d)} for some sufficiently large c > 0. By examining the 

proof of Lemma [181 one sees that the volume of the latter can be estimated from above by 

/ vol(E,,|^|-. nx)de + c3 

J K<\i\<ciX^/^"^ 
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for some suitable constants a > 0, and consequently has the same asymptotic behaviour in A as 
the volume of TZVc,\- In studying the asymptotic behaviour of the integral ([52|) . we can therefore 
restrict the domain of integration to V. By the previous lemma, there exists a constant k > such 
that 

\h-^x -x\> k(1 + ICP)"^/^ for aU {x, ^) £ V and e ^ h e G. 
Since (ry^ _2Xa)^(3 — 2?]^ _2Xa) + /a h^'S compact support in ^, this implies that 

\h-'x~i ^« ((^1-2Xa)'(3 - 2i^l_^xx) + h)i^,0 

is integrable on V, as well as rapidly decreasing in ^. Integrating by parts with respect to ^ we 
therefore get for ([52)1 the expression 

(53) J |1-i:,-^|2 (-^i dl)iivl_,xxr{3~2fjl_,xx) + fx){x,OdxdC; 

in particular notice that, by Fubini's Theorem, the boundary contributions vanish. Now, if (x, ^) G 
-Fa, the function {rjf _2Xa)^(3 — 2t]1^ _2Xa) + fx is constant, so its derivatives with respect to ^ are 
zero, and we can restrict the integration in ([53]) to the set CxxR"-Fa n V, where CxxR"Fa denotes 
the complement of !F\ in X x R". 

Lemma 16. For sufficiently large c > 0, the set CxxE"-F\ is contained in TZVc,x- 

Proof. This assertion is already stated in [12], page 55. For the sake of completeness, we give a 
proof here. Thus, consider 

and let Mx be defined as in Since supp?72 C D4, and V-'a.i/2 = 1 on M\{l/2,h^^^g), it is 

clear that 

(54) Ex C {(x, e X X R" : XA = Vx^-2 = 1} C Fx, 

and consequently CxxR"-Fa C CxxR"-Ea. Next, we are going to prove that, for sufficiently large c, 
(x,^) e Bc,x implies (x,^) ^ Mx{l, h~'^^ g). Thus, assume {x,£,) € Bc,x; on X^ x : |^| > 1} we 
have 



1 \<Ji^(i ^ 



|2m 

, lei ' (1 + + |e|2)(5-)/2) y - leP^A a2„(x, - 
Therefore, as c becomes large, |^| must become large, too. On the other hand, if (y,??) € Mx, \v\ 
must be bounded. For large c we therefore have |^— 77 P ^ which means that /i~^''(a;, .^)g(2;_^)(a;— 
- ^) (1 + + ICP)'' ^ 00 as c ^ 00. Hence, for sufficiently large c, (x,.^) ^ Mx{l, h~'^^g). 
Since supp?/'A,i/2 M-x[^, h^^^g), we arrive in this case at the inclusions 

(55) S,,A C {(x,0 e X X K" : r^xM^.C) = 0} C Fa, 
and combining (IM)) and ([55)1 we get 

(56) CxxR"Fa C^caHCxxr-Fa CTeVe.A, 

as desired. □ 

As a consequence of the foregoing lemma, the integral in (|53p is bounded from above by the 
volume of TZVc,x, times a constant independent of A, since the integrand is uniformly bounded 
with respect to A. Thus, we have shown (|50|) . The assertion of the Proposition now follows by 
observing that 

voWa 



(57) 



tr^A X 

{2TTy- 



< cvomv 



c,A- 
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Indeed, similarly to our previous discussion of the integral / / e'^'' ^'^~^^^a^ {£\){x, £,)dx d^, the 
integral 

tr^A- J j (T'^{£x){x,Odxdi^ J Jiivl-2Xx?i3~2r^l_^xx) + fx + rx)ix,0dxdC 

can be split into three parts; the contribution coming from r\{x,^) is bounded by some constant 
independent of A, while the contribution coming from fx can be estimated in terms of the volume of 
TZVc,x, since snppfx C CxxR"-Fa C TZVc,x, by the previous lemma. Now, (t^a -2Xa)^(3-277^__2Xa) 
must be equal 1 on Wx n CxxR"''^V'c,a, since according to we have CxxM"7?.V'c,a C i?c,A U Ex, 
and hence Wx n CxxR"'^Vc,a C E'a C {(x,^) e X x R" : xa = ?/a,-2 = 1}, due to the fact that 
Wx n Bc,x = 0- Furthermore, (77^ _2Xa)^(3 — 2rif _2Xa) vanishes on -Be, a, since for large c, (a;, ^) € 
Bc,x implies (a;, ^) ^ A4a(1, h~^^g), by the proof of the previous lemma. Taking into account that 
Wx and TlVc,x are subsets of Ac,x, we therefore obtain for sufhciently large c 

{{vl-2Xx?(3-H,-2Xx)){x,Odxd^ 
= T^Tvil +/ / {{Vx,-2Xx) i3~2T])^_2Xx))[x,Odxd^. 

Now, since £ia^^x'^^c,x C Wa, one has Ac^x ~ Wx n Za^^^T^VcX = T^^c.x- The estimate ([ST)) now 
follows, and together with (I50|) we obtain ((48|) . Finally, if in the previous computations £x is 
replaced by £\, we obtain a similar estimate for the trace of Px^x ■ Px^x — Px^x- This concludes 
the proof of the proposition. □ 

As a consequence, we get the following 

Theorem 7. LetN^^ he the number of eigenvalues of £x which are > 1/2 and whose eigenf unctions 
are contained in the X'^^otypic component Ti^ o/L^(R"). Then 

(58) |iV|^ - T^x(X X R",aA)| <cvoinVc.,x 

for some sufficiently large c > 0. 



Proof. From the preceding proposition, and the estimate ^8|) . one deduces that for some sufficiently 
large c > 

N^^ < StrP^^A - 2trPx'^^A • Px£x + C2 < V^i^ x R", aa) + c vomV^A, 

N^^ > 2trPxfA • Px^x - ti-PxSx - ci > VxO^ x R",aA) - cvomVc,A, 

which completes the proof of (|58p . □ 

In analogy to the previous considerations, one proves the following 

Theorem 8. For sufficiently large c > one has the estimate 

Wx^ - ^x(X X R",aA)| <cvol'RVc,x, 

where M^'' is the number of eigenvalues of Tx, counting multiplicities, greater or equal 1/2, and 
whose eigenfunctions are contained in the x-isotypic component Hx o/L^(R"). 

Proof. The proof is similar to the one of Theorem [71 and uses Lemma 1121 In particular, as in 
equation ([5T|) . one has 

(59) a^Tx) = ivlxtfi^ ~ Hxt) + fx + rx, 

where rx G S^°°{h^^^ g, 1), and fx G S{h~^^g,h^~^^), everything uniformly in A. The aymptotic 
analysis for trP^JFA and tr(P^JFA)^ now follows the lines of the proof of Proposition [6l □ 
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7. Proof of Theorem [T] 

We collect all the results obtained so far in the following 

Proposition 7. There exist constants Ci, C2 > which do not depend on X, such that for all A 

|AA(^o -Xl,n^n C^(X)) -V^{XxW\ax)\< CivoinVc^x + C2. 

Proof. By Theorems [S] and HI there exist constants Q > independent of A such that N^^ — C\ < 
Af{Ao - XI, n C^(X)) < M^^ + C2. Theorems [3 and [5] then yield the estimate 

-cvolTZVcx -Ci< M{Ao - Al,Hx n C^(X)) - ^^(X x R",ax) < cvolTZVcX + C2 
for some sufficiently large c > 0. □ 

In order to formulate the main result, we need two last lemmata. 

Lemma 17. Let J ~ ^ /x/s"-i {^2mix,^)) "^^^"^dx d^, where 2m is the order of Aq. Then 

T/x(XxR",a;,) = ^7.A"/2™ + C 

for some constant C > independent of X. 

Proof. The reduced Weyl volume was defined in as 

where W\ = {{x,S) e X x M" : a>(x,^) < 0}. Now, for some sufficiently small > 0, on Xg x 
{C : ICI > 1}, ax is given by 

"^^"'^^ = TTA^(^~^^^;;i:a)- 

By [12], Lemma 13.1, condition (fTT|) implies that a2m{x,S,) > t > for all (x,^) e X x 5"^^, so 
that OA is strictly negative on Xg x : |^| > 1} if, and only if, a2rn{x, ^) — A < 0, which in turn is 
equivalent to 

\^\<[Xa^^^{x,m)V^'"', 
due to the homogeneity of the principal symbol. From this one concludes 

^^(X X M",a,) ^ ^^A_[vol {{x,0 e X X M" : \^\ < 1} 

+ V0I {(a;,^ e X X M" : IfP" < Xa^l{x,(m)}] 
(f r r /-(A/a2,„(x,,,))i/^'" 

J2 



0(1)+ tnir^l / / -Wa2mix,v)r/^"'dS"-'i7^)dx. 
(27r)"|G| JxJs^-^ n 



□ 



Lemma 18. Assume that for some sufficiently small g > there exists a constant C > such 
that vol{dX)g < Cg. Then volTZVcX = 0{X^"-^'>/^"'), where e G (0, \). 
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Proof. According to the definition of TZVc,x at the beginning of Section 6, we have 

vomVcA < vol e X X R" : \ax\ - c{h^-'^ + d) < 0} 

+ vol {(a;,0 eDc:xe:S.,ax< c{h^-'^ + d)} , 

where = {{x,0 ■ dist(a;,9X) < ^{1 + \x\^ + and < ,5-a; < 1/2. In what follows, 

let us assume that A > 1. It is not difficult to see that, for |^| > 1, there exists a constant ci > 
independent of A such that 

(60) ax{x,0-c{h'-^ +d){x,0 <0 =^ 1^1 < CiAi/^". 

Indeed, let ci be such that 

c?" > niax(2,2/i), sup cih^-'^ + d){x,^) < I, 

xex,|4|>ci «J 

where t > is a lower bound for a2m{x, ^) on X x S*"^^. Since 



a2m{x,^) ~ 2 ~ 02m(a;,^/|^|) ' 

one computes for |^| > ciA^/^™ that 

11 11 1 

«^(^'«) ^ 21 + A|^|-2™ - 2 1 + c^'™ - 3' 



while, on the other hand, c(/i'^'"" + d){x,£,) < 5, so that ax{x,£,) - c(/i''~" + d){x,^) > 0. This 
proves ((60)l . As a consequence, we obtain the estimate 



vol {(a;, e : x e X, OA < c{h^''' + d)} 

< vol e X X M" : lel > /f,dist(a;,aX) < calCr^aA < c(/i'^-'^ + d) } 
+ V0I {{x,0 e X X M" : < A'} 

< / vol((9X),^|5|-.nX)de + C3, 

where S € (^, and if > 1 is some sufficiently large constant; here and in all what follows, > 
denote suitable, positive constants independent of A. Now, since vol(9X)g < Cg, for some g> 

vol{(x,e) eDc:xeX,ax< c{h^-'^ + d)} < ca C4 / / r"~i-*'drd5"~i(r/) + cg 

^ csiX^"-^^/^"" - K"-^) + C3. 

Next, let 1^1 > K, and assume that the inequality |aA(a;,^)| < c{h^~'^ +d){x,^) is fulfilled. As 
before, we have < c^™A, as well as 

(61) 1 — ^ <c(i + Aicr2™)(rf+;i^-)(x,o <c6(i + Ai^r2")i^r(*-). 

a2m(X, k,) 

Combining (|5D1) and (|6ip. one deduces for sufficiently large if that 

ICP" > -cedeP" + A)|er(*--) + > crX. 

a2m{xA/\i\) 
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Let US now introduce the variable R{x,S,) — X/a2m{x,S,) — A|^| ^"^ /a2m{x,S,/\£_\). Performing the 
corresponding change of variables one computes 

vol{(x,e) e X X R" : \a^\ - c{h^"^ + d) < 0} 

< vol [ix,0 e X X R" : > |^| >K,\1~ R{x,0\ < ce{l + m^^^'Mr^'^^^} + ca 



<Cio// / R'^ll^r tV'^ dRdS''-\r,)dx + Cs 

Jx JS"-i J{_R:|i-fl,|<c9A-('5-")/2".} \rCa2m(x,r]) J 

<CiiA^ / i?-^-ldi? + C8 - 0(A("-(*-'^»/2m) 

J {R,.\l-R\<cg\-(^-^'l/2"^} 

Hereby we made use of the fact that (1 + z)^ ~ (1 ^ — 0{\z\) for arbitrary z e C, \z\ < 1, and 

/? e R. □ 

We are now in position to prove the main result of Part I, which generalizes Theorem 13.1 of 
[12] to bounded domains with symmetries in the finite group case. 

Theorem 1. Let G be a finite group of isometries in Euclidean space R", and X C R" a hounded 
domain which is invariant under G such that, for some sufficiently small g > Q, vol{d'K.)g < 
Gg. Let further Aq be a symmetric, classical pscudodifferential operator in L^(R") of order 2m 
with G-invariant Weyl symbol cr™(ylo) G S{g,h^'^"^) and principal symbol a2m, md assume that 
{Aq u, u) > c for some c > and all u G C^(X). Consider further the Friedrichs extension 

of the operator 

res o o ext : C;?° (X) — > (X) , 

and denote it by A. Finally, let N^{X) be the number of eigenvalues of A less or equal A and with 
eigenf unctions in the x-isotypic component resTi.^ o/L^(X), if {—oo, X) contains no points of the 
essential spectrum, and equal to oo, otherwise. Then, for all e (£ (0, 

|G| 

where d^ denotes the dimension of the irreducible representation ofG corresponding to the character 
X, and 

In particular, A has discrete spectrum. 

Proof. By Lemma |S] and Proposition [7] we have 

\N^{X) - V^{X X R",a;,)| < G^YoinVcx + C2 
for some suitable constants Ci, C2 > independent of A. Lemma [iTl and [TSl then imply 

\G\ 

with arbitrary e G (0, 1/2). In particular, N^{X) remains finite for A < 00, so that the essential 
spectrum of A must be empty. The assertion of the theorem now follows. □ 
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